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The following ODE describes the growth of the yeast Schizosaccharomyces
kephir:

dN
= =k N — kyN? 1
dt ! 2 (1)

(a) To determine the conditions under which the function

a
N(t):m7 a,b,y>0 (2)

is a solution to the ODE (1), we calculate its derivation

be =t
a~yoe (3)

N'(t) = Tt b2

Then we insert (2) into the right hand side of the ODE (1)

aN 8 @
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 kia— koa? + kyabe™ 7t
N (14 be—t)2

and determin the conditions under which the result is equal to the deriva-
tion (3). This is the obviously the case when k; =~ and ky = 1.

yabe " ko — koa? + kyabe™ 7t
(14 be7t)2 (1 + be—7t)2 ’
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a

(b) The fixed points are determined by calculating the roots of (1):

kEIN — kN2 = 0
No=0 V kN-k=0
k
No=0 VvV N =-%
ko



The conditions for k1 and ks lead to the fixed points:

No=0V Ny =ua

To determin the fixed points’ stabilities we need the derivation of f(N) =
% with respect to N:

f'(N) = =2kyN + K, (4)
f0)= ki=vy > 0, unstable
flla) = —2ksa+ki=-2v+y=—y <0, stable

(¢) To calculate approximative solutions of the ODE which hold in the neigh-
borhoods of the fixed points, we find the Taylor series® of the right hand
side of the ODE for each fixed point. For this task we need the ODE (1),
its first derivation (4) and its second derivation:

fI(N) = —2k,. (5)

We calculate the Taylor series for the neighborhood of Ny =0

k 2k
go(N) = 0+ (N =0) = ZE(N ~0)?
= kN —FkyN?
and for the neighborhood of N7 = a.
ki — 2k 2%k
g1(N) = kia—kea® + 117'%(]\] —a)— 2—'2(N —a)?
= kia — koa® — 2kgaN + 2kga® + k1N — kia — kaN? 4 2koaN — kya®

k1N — kyN?
(d) We truncate both Taylor series after the linear term

k
ho(N) = N0+1%(N*NO)

k1 — 2kaNq

hi(N) = kiNy— kN7 + =

(N — Ny)

1The Taylor series centered around point ¢ is computed by the following formula:

fflc)(x—c)Jrfi(c)(l’—C)QﬂLm(z—c)3+-.-
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and introduce a new variable + = N — Ny for hg and a new variable
x =N — N; for hy.

ho(N) = kux

hi(N) = kiNy —koNE + (k1 — 2ko Ny ).
= na gaQ +yT lam
= —yr=—-kz

—:klx

—dr = kidt
I(t) 1 t
/ —dx = kl/ dt
z(0) T 0
kit
In—~% = k‘1t

z(t) = z(0)eM?



